Companion Appendix for
Optimal Sharing Strategies in Dynamic Games
of Research and Development

by Nisvan Erkal and Deborah Minehart!

We fully characterize the subgame perfect equilibrium of the game outlined in the paper
for the case when N = 2 and the firms are symmetric. We do the analysis by dividing
the parameter space into regions. Section 1 is an introductory section with a diagram
illustrating the regions. In Section 2, we provide the boundary conditions for the regions.
Section 3 has a table that summarizes the equilibria by region. The equilibria are derived
in Sections 4 and 5.

1 Introduction

There are five parameters: the discount rate is 7, the flow cost of research is ¢ , the hazard
rate of a research success is a, duopoly profit is 7, and monopoly profit is 7. We assume
that the parameters are positive and that 7 > 7. Throughout the analysis, we use the
notation 7 = # and 7 = ’TTM We divide the parameters into 19 different regions. The
diagram below illustrates the regions when r = 0.2, « = 0.5 and ¢ = 0.5. Regions 5 and 12

do not appear on the diagram because they are empty for these values r, a and c.

2 The Regions

In this section, we provide the boundary conditions that define each of 19 regions. Regions
1, 2 and 3 are subregions of what we define as Region A in the paper. As we show in Section
4, no firm ever drops out of the game in Region A. The other subregions comprise Region
B. As we show in Section 5, the lagging firm always drops out at the history (2,0; NS) in
Region B.

Region A

Region 1:
™ > <2+ L) and 7P <M <27P + ¢
Region 2:
™ > <2+ L) and 7™ > 27P + c and
2_,2 2
21? > M ((32:;+222) - éfﬁiéir)

!This appendix is not necessary for the main results stated in the paper. For the interested reader, we
present a full characterization of the subgame perfect equilibria of the game.
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Figure 1: Regions for « =c = 0.5 and r = 0.2



Region 3:
™ > <2+ L) and 7™ > 27P + ¢ and
M (20212 (20-+7)”

D
27 <m (BaZ+2ar) ~ “(3a2+2ar)

Region B

Region 4:
%<WD<%(2+§)and7rM>27r + c and
oM > 227D 4 (24 L)2c and 7P <(2a—ar)7rM
Region 5:
L <P <22+ L)and 7™ > 277 + c and

oM > 207D 4 (24 L)2c and 7P >(2a—ar)7rM

Region 6:
%(%+2 )<7TD < Z(24L)and 2n” <M < 27P + ¢ and
M 4otr) D 2
R & 7> Ot-H" +2ozc+rr
egion
L34+ L )<7TD < L2+ L)and 270 < aM < 27P + ¢ and

M < (04+7‘) _2cr

i 2a+4r 7T + 2041

Region 8:

TE+ L)<l < L2+ L) and 7P < 7M < 27P
Region 9:

T <l <34 L) and 7P < oM < 27P

Reglon 10:
& <7r < L(3 4 ) and 200 < oM < 27D + ¢ and
4(atr) D 2
M< 2otr © T 04(27(;¢+r)c
Reglon 11:
2 < 7F4D( i ;a—r(% + %)Qand 2P < 7M < 27P 4 ¢ and
M atr) D
> 2a+r [ — 04(27;¢+r)c
Region 12:

L <qP <22+ L)and 7™ > 277 + c and

™ < —227D 4 (24 L)2¢ and dar? > 20 —r)7M +or (24 L)
Region 13:

= <7rD2< 22+ L) and 7 > 27 + ¢ and

aM < 207D 4 (24 2)2¢c and 4ar? < Qo —r)7M 4 or (24 L
Region 14: ' ( 2 ( ) ( a)

P < < and M > 270 and 7M > %(3+£)
Region 15:

7rD<%and7rM>27rDand%<7rM<%(3+§)
Region 16:



cr D cr D M D cr M cr T
St<r < ZLand mF <7 <27% and = <M < E(24 L)

Region 17:
%<7rD<%and7rD<7rM<27rDand7rM<%
Region 18:
7rD<%and7rD<7rM<27rDand7rM<%
Region 19:
7rD<% and 7™ > 270 andﬂM<%

3 The Equilibria

Here, we summarize the equilibria by region. The derivations of the equilibria follow in
Sections 4 and 5. For symmetric histories such as (2,1) and (1,2), we analyze only one of
the histories as the analysis is the same for both. Some of the regions have subregions with
distinct equilibrium actions. The definitions of the subregions are given in Sections 4 and 5
as part of the equilibrium derivation. In some of the equilibria, a firm is indifferent between
two actions such as S or NS. In most cases, the choice of action does not affect the firm’s
decisions earlier in the game. If it does, we indicate that. The non-monotonic equilibria
appear in Regions 6, 11, 17, and 18. For these equilibria, the firms share step 2 at (2, 1),
but do not share step 1 at (1,0). In Region 6, this non-monotonic behavior occurs along
the equilibrium path. In the other regions, the behavior occurs off the equilibrium path.

4 Derivation of the Equilibria in Region A

We derive the equilibria in Region A. As we show, no firm ever drops out of the game in
Region A. The firms incentives to share research decline over time: that is, the equilibria
satisfy the monotonicity property. The monotonicity property for N = 2 states that if the
firms share step 2 at (2, 1), then they also share step 1 at (1,0).

4.1 Region 1 (monotonicity property holds)

We determine the equilibrium strategies by using backward induction. At (2,2), each firm
produces output and earns discounted duopoly profits of:

D

1% (2,2):&/'2(2,2):%0:7. (1)

At (2,1;NS), firm 1 is finished with its research and produces output. Firm 2

invests if b
2,2) — —
Vy(2,1;Ng) = e e am —c 2)
a—+r a—+r




or
cr

P > o (3)

This condition holds in Region 1 so that firm 2 invests at (2,1; NS).
The firms share at (2, 1) iff this maximizes their joint profits. Their joint profits under

sharing are

n 27D
Vi(2,2) = Vi (2,2) + Va (2,2) = 270 = T

r
since when the firms share, the game reaches the history (2,2). Joint profits under no
sharing are

M 2~D_
Vi (21N8) = VA (2,1, N8) + V2 (2,1 ) = T 20T (4)

where

M M ~D
™ +aVh(2,2) o +ar
Vi(2,15NS) = e I

and V5 (2,1; NS) is as defined in (2). We get S = NS <—

27 (a+r) > 7™M 4207 —¢
ol +¢ > oM, (5)

This condition holds in Region 1 and the firms share step 2 at (2,1).
At (1,1), assuming firm 1 invests, firm 2 will also invest if

aVs (1,2) +aV2(2,1) —c  aV;(2,1) —c

1,1) = .
V2 (1,1) 200+ 200+ >0 (6)
Since the firms share at (2,1), V7 (2,1) = 27", Substituting, we get
207" — ¢
Va(1,1) = —— > 0. 7
(1) = 5= 7
This simplifies to
D cr
T > —.
2a

This holds in Region 1 by assumption. Hence, each firm invests at (1,1) if the other does.
If firm 1 does not invest at (1,1), the new history is (X, 1). Firm 2 invests if

aVp (X,2) —c o™ — ¢
a+r  a+r

Vo (X,1) = >0, (8)



where the last equality holds because at (X,2), firm 2 produces output and earns
discounted monopoly profits of M = ”TM The condition simplifies to

M s % (9)

This condition holds in Region 1 since 7™ > 7P and 7P > < by assumption. Hence, firm
2 invests at (X, 1). It follows that both firms invest at (1,1).
At (2,0; NS), firm 1 produces output. Firm 2 stays in the race if

aVa(2,1) —¢
a+r

V2 (2,0; NS) = > 0.

Since the lagging firm has no bargaining power, its earnings under sharing are the same
as its earnings under no sharing at the history (2,1). The earnings under no sharing,
V2 (2,1; NS), are given in (2). Substituting and rearranging gives us

2~D
—c(2
Vs (2,0;NS) = 21 6(02‘+r)>0 (10)
(a+7)
which simplifies to
wD>z(2+i). (11)
o a

In Region 1 this condition holds by assumption and the lagging firm stays in the race
at (2,0; NS).

To see whether the firms share step 1 at (2,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are Vj (2,2) = 27D since if
the firms share, the game reaches the history (2,1) and we know from condition (5) that at
this history the firms share. Joint profits under no sharing are

av2(2,1)—c+7rM+aV1(2,1) M+ aVy(2,1) —c

Vi(2,0;NS) = =
7(2,0:N5) a+r a+r a+r

Since the firms share at (2,1), V7 (2,1) = 277, Substituting we get S = NS <=

27 (a+r) > 7™M 427" —¢

27rD+c > M.

This condition holds in Region 1, and hence the firms share step 1 at (2,0).
At (1,0; NS), firm 2 invests if

aVa(1,1) 4+ oV, (2,0) — ¢
20+ 7

Va2 (1,0; NS) = > 0.



We can substitute for V5 (1,1) from (7). Moreover, since the lagging firm is assumed to
have no bargaining power, it makes the same profit at (2,0; N.S) as at (2,0) even though
the firms share. Substituting for V5 (2,0) = V5 (2,0; N.S) from (10) and simplifying gives

a(2a+r)2 + Ba+r)(« +r)2
20 (o +1)° + (20 + 1) a2

%D

C
(0%

By assumption, 7> < (2 + 5) in Region 1. Hence, the above condition holds if

(2+

Q1=

) [a(2a+r)2+(3a+r) (a+71)°
> 2
20 (a+7r)" 4+ 2a+71)a?

This simplifies to
a(a+r)>0.

Since a, r > 0, this condition holds and the lagging firm stays in the race at (1,0; N.S).
It is straightforward to show that the leading firm stays in the race at (1,0; NS).2

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share, the game reaches the history (1,1).
Hence, joint profits under sharing are V; (1,1). Joint profits under no sharing are

aVy(2,0) +aVy (1,1) —2¢ 207" +aVy(1,1) — 2¢

1,0;:NS) =
Vi (1,0, NS) 200471 200+ 1

We have S > NS <=
(20 +7) Vs (1,1) > 207" +aV; (1,1) — 2¢
Substituting for Vy (1,1) = 2V, (1, 1) from equation (7), we get

(a+7) <4oz%D - 26) > (2a+7) (2047?17 - 20)
P > ¢

which is trivially true. Hence, the firms share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVa(1,0) + aVa (0,1) — ¢

> 0.
200+ 7

V2(0,0) =

2For an intuitive explanation, first consider the case when the firms never share in the future. Since the
leading firm has a shorter expected time to completion, it would have higher incentives to stay in the race
than the lagging firm. Now consider the case when the firms share at least once in the future. Since the
leading firm has full bargaining power, it would again prefer to stay in the race whenever the lagging firm
finds it profitable to do so.



Since the firms share step 1 at (1,0), this condition becomes

aVy(1,1) —¢

> 0.
200+ 71

Substituting for V; (1,1) = 2V (1,1) from equation (7) and simplifying, we get

> (1+ ).
o 4o
This condition holds in Region 1 due to condition (11). Hence, each firm invests at (0,0) if
the other firm does.
Assuming firm 1 does not invest, firm 2 invests at (X, 0) if

~M
ok (X, 1) —c a(aLTC) —c

V2 (X,0 0 12
2(X,0) a+r a+r > (12)
where we substituted for Vo (X, 1) using (8). Simplifying we get
s (241 (13)
! a

which holds in Region 1 by condition (11) and the assumption that 7 > 7. Hence, firm
2 invests at (X,0). It follows that both firms invest at (0,0).

4.2 Region 2 (monotonicity property holds)

In Region 2, the analysis for the histories (2,2), (2,1; NS), (X,2),(X,1) and (X,0) is the
same as in Region 1 and we do not repeat it here. At (2,2) both firms produce output, and
at (X,2) firm 2 produces output. At (2,1; NS), firm 1 produces output and firm 2 invests.
At (X,1) and (X,0), firm 2 invests.

At the history (2,1), we know from the analysis in Region 1 that the firms share if
condition (5) holds. In Region 2, this condition is violated as we assume that

2P 4 e < 7M.

Hence, the firms do not share at (2,1).
Working back, we get to the history (1,1). Assuming firm 1 invests, firm 2 will also
invest if

aVo (1,2) +aV2(2,1) —c  aV;(2,1) —c

20+ B 20+
Since the firms do not share at (2,1), we can substitute for V;(2,1) = V;(2,1; NS) from
(4). Simplifying, we get

Vo (1,1) = > 0. (14)

a(m™ 4+ 207P) — (20 + 1)

(1= 2a+7)(a+7)

>0 (15)

8



which simplifies further to
2
WM+—O‘7rD>c<2+f). (16)
r @

This holds in Region 2, because by assumption 7™ > 27 and 7P > 2%, Thus each firm
invests at (1,1) if the other firm invests. From the analysis of Region 1, if firm 1 does not
invest, the new history is (X, 1) and firm 2 invests. It follows that both firms invest at

(1,1).
At (2,0; NS), firm 1 produces output. Firm 2 stays in the race under no sharing if

aVe(2,1) —c¢

V2 (2,0; NS) = P

> 0. (17)

Since the firms do not share at (2,1) and the lagging firm stays in the race,

~D
ar —c¢
VQ(271)_( o+ )

D

Using this, we get
—c(2a+r)
(a+71)2

2~
Vs (2,0;NS) = 21

>0 (18)

which simplifies to
p._ cr r
T > — (2 + —) )
o o

which is the same condition as (11). The conditions are the same because the lagging firm
has no bargaining power. The condition holds in Region 2 by assumption and firm 2 stays
in the race at (2,0; NS).

To see whether the firms share step 1 at (2,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share step 1, their joint profits are given by
V7 (2,1). Joint profits under no sharing are

Vi(2,0;NS) = Vi1(2,0;NS)+V5(2,0; NS)
™ +aV (2,1) N aVa(2,1) —c
a+r a+r
™ +aV;(2,1) —c
a+r ’

Combining we get S = NS <

™ +aV;(2,1) —c
a+r

V; (2, 1) >



Since the firms do not share at (2,1), we can substitute for V; (2,1) from (4). Simplifying,

we get

™ 4 207" — ¢
a+r

ro> 7 _—¢

2P +¢ > M.

This condition is violated in Region 2, so the firms do not share step 1 at (2,0).
At (1,0; NS), firm 2 invests if

aVa (1,1) + ala (2,0) — ¢

> 0.

Substituting for V5 (1,1) and V5 (2,0) from (14) and (17) respectively and rearranging, we

get
aVJ(Q,l)—c+aV2(2,1)—c .

200417 oa+r o
Since the lagging firm chooses to stay in at (2,0; N.S), we know that
Va(2,1) —
ale(2,1) — ¢ > 0.
a+r

Hence, a sufficient condition for firm 2 to invest at (1,0; N.S) is
aVy(2,1)—c _ ¢
_— > —.
200+ o
As above, we can substitute for Vy (2,1) from (4). Simplifying gives us

M ~pD _ ¢ r?
T 4+ 2ar” > — (da+4r+ — | .
Q Q
Since 7 > 7P| this condition holds if
2
7 (r + 20) > < <40¢—|—4r+r—> .
Q Q

Given condition (11), which holds in Region 2, this condition holds and the lagging firm
stays in at the history (1,0; N.S). It is straightforward to show that the leading firm
stays in at (1,0; N.S).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are V; (1,1). Joint profits
under no sharing are

aVy(2,0) +aVy(1,1) — 2¢

(19)

10



We get S = NS <—

(a+7r)Vy(1,1) > aV;(2,0) — 2c.
We can substitute for Vy (1,1) = 2V5 (1, 1) using (15). Since there is no sharing at either
(2,0) or (2,1), we use equation (4) to get

™ +aVy(2,1)—c (2a + ) 7™ 4 20277 — ¢ (20 +7)
a+r (a+1)? '

Vi (2,0) =

Substituting and simplifying we get S > NS <=

Catr)? (202 -1?)

2P —_— .
o C(3oz2 + 2ar) 4 (3a2 + 2ar)

This condition holds in Region 2, and the firms share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVs (1,0) +aV2(0,1) —c  aV;(1,0) —c  aV;(1,1) —c

V2(0,0) = 200+ 1 200+ 1 200+ 1

> 0.

After substituting for V;(1,1) = 2V, (1,1) from (15), this condition simplifies to
M ~D ¢
2 — 2 .
™ 4+ 207 >2a2(3a+r)(oz+r)

Since 7™ > 7P| the condition holds if
c
202

D er (3.
T = a<2+2a>

This condition holds in Region 2 because by assumption

7rD>ﬂ<2+Z>.
o o

™ (2a+7r) > Ba+r)(2a+r)

Hence, each firm invests at (0, 0) if the other firm does. We already know that firm 2 invests
at (X,0). It follows that both firms invest at (0,0).

4.3 Region 3 (monotonicity property holds)

In Region 3, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(1,0; NS), (X,2), (X,1) and (X,0) is the same as in Region 2, and we do not repeat here.
At (2,2) both firms produce output, and at (X,2) firm 2 produces output. At (2,1; N.S),

11



firm 1 produces output and firm 2 invests. At (2, 1), the firms do not share. At (1, 1), both
firms invest. At (2,0; NS), firm 1 produces output and firm 2 invests. At (2,0), the firms
do not share step 1. At (1,0; NS), both firms invest. At (X, 1) and at (X, 0), firm 2 invests.

From the analysis above, we know that in Region 2 firms share at (1, 0) if condition (20)
holds. In Region 3, the condition does not hold and we have that

(20 +r)* u (202 —1?)

2P —_— .
A C(3a2 + 2ar) =T (3a2 + 2ar)

Hence, the firms do not share at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

oV (1,0) +alh(0,1) —c  aVy(1,0) —c
N 20041 N 2+

V4 (0,0) > 0. (21)

From equation (19) we have

aVy (2, O) + aVy (1, 1) —2c

Vs (1,0) = 200+ 1

Substituting into condition (21) and simplifying, we get
c
Vi(2,0)+Vy(1,1) > =z (da+1)

At (2,0), the firms do not share and the lagging firm stays in. At (1,1), both firms stay in.
Hence, we can write the condition as

™ +aV;(2,1) —c  2aVy(2,1)—2c
a+r 20+ 1
At the history (2, 1) the firms do not share, and the lagging firm stays in. Substituting for
Vi (2,1) = V;(2,1; NS) using (4), it is straightforward to show that this condition holds.
Hence, each firm invests at (0,0) if the other firm does. We already know that firm 2 invests
at (X,0). It follows that both firms invest at (0,0).

C
>§(4a+7’).

5 Derivation of the Equilibria in Region B

We derive the equilibria in Region B. In Region B, the lagging firm drops out at the history
(2,0; NS). We show that the monotonicity property fails to hold in subregions 6, 11, 18,
and 19 of Region B. In these regions, there are equilibria such that the firms share step 2
at (2,1), even though they do not share step 1 at (1,0) . In Region 6, this non-monotonic
behavior occurs along the equilibrium path. In the other regions, the behavior occurs off
the equilibrium path. The equilibrium in Region 6 is derived both here and in our paper.

12



5.1 Region 4 (monotonicity property holds)

In Region 4, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (X,2) and (X, 1) is
the same as in Region 2, and we do not repeat it here. At (2,2) both firms produce output,
and at (X,2) firm 2 produces output. At (2,1; NS), firm 1 produces output and firm 2
invests. At (2,1), the firms do not share step 2. At (1,1) both firms invest, and at (X, 1)
firm 2 invests.

At (2,0; NS), firm 1 produces output. In Region 2 the lagging firm stays in the
race at (2,0; NS) because condition (11) holds. In Region 4, this condition is violated and

we have
cr

<= (242, (22)
o «
Hence, the lagging firm exits at (2,0; N.5).

To see whether the firms share step 1 at (2,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share step 1, the game reaches the history
(2,1). Since the firms do not share step 2 at (2,1), joint profits under sharing step 1 at
(2,0) are

™ 4 2070 — ¢

Vy(2,1;NS) = P

Joint profits under no sharing are V; (2,0; NS) = M gsince the lagging firm drops out at
(2,0; NS).
We have S = NS «<—
7TM + 20(%D — C ~M
>
a—+r
7P =

Simplifying and using 77 = # and #, we get

cr
ol — = > M,
o

This condition is violated in Region 4 since by assumption
2P + e < oM.

Hence, the firms do not share at the history (2,0) in Region 4. The lagging firm then
exits the race.
At the history (1,0; NS) the lagging firm invests if

aVs(2,0) + ala (1,1) — ¢
20+ 7

V2 (1,0; NS) = > 0.

Since the firms do not share at (2,0) and the lagging firm exits at (2,0; NS), we have
V2 (2,0) = 0. Hence, the lagging firm invests if

C
1,1 —.
V2(’)>Oé

13



Substituting for V5 (1, 1) from (15) we get
M ~D m\?
™ +2am” >c (2 + a) . (23)

This condition holds in Region 4 by assumption, so the lagging firm stays in at (1,0; N.5).
It is straightforward to show that the leading firm stays in at (1,0; N.S).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are Vy(1,1). Joint profits
under no sharing are

aVy (2, O) + aVy (1, 1) —2c

(24)

Here V;(2,0) = 7™M since the firms do not share at (2,0) and the lagging firm exits. We
have § = NS <—
(a+7)Vy(1,1) > o™ - 2¢.

Substituting for V; (1,1) = 2V5 (1, 1) from (15) and rearranging,® we get

p_ 2a—r) y
- 2
> = —tr (25)

This condition fails in Region 4 by assumption, and the firms do not share at the
history (1,0).
At (0,0), assuming firm 1 invests, firm 2 also invests if

aVa (1,0) +aV2(0,1) —c¢  aV;(1,0) —c

> 0.
200+ 7 200+ 7

V2 (0,0) =

Since the firms do not share at (1,0), we can substitute for V; (1,0) = V; (1,0; NS) from
equation (24). We get

aVy(2,0)+aVy(1,1) —2¢ c

2+ 71 o}

°

V204V (L) > = (4+£).

Since V; (2,0) = @ and both firms invest at (1,1), we can write this condition as

_ 20V (2,1) — 2
gy 2B D 22 Cy Ty,
200+ o o

3In rearranging, we do not divide any term by a potentially negative quantity.

14



Since the firms do not share at (2,1), we can substitute for V;(2,1) = V;(2,1; NS) from
equation (4). After simplifying, it is straightforward to show that the condition holds.
Hence, each firm invests at (0,0) if the other firm does.

Assuming firm 1 does not invest, firm 2 will invest at (X, 0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

M > < (2 + Z) .
e o
Combining condition (22) and condition (23), we can show that this holds in Region 4.
Hence, firm 2 invests at (X,0) in Region 4.
We conclude that both firms invest at (0,0).

5.2 Region 5 (monotonicity property holds)

In Region 5, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(1,0; NS), (X,2), (X,1) and (X, 0) is the same as in Region 4, and we do not repeat it here.
At (2,2) both firms produce output, and at (X,2) firm 2 produces output. At (2,1; N.S),
firm 1 produces output and firm 2 invests. At (2,1), the firms do not share step 2. At
(1,1), both firms invest. At (2,0; N.S), firm 1 produces output and firm 2 exits the race. At
(2,0), the firms do not share. At (1,0; N.S), both firms invest. At (X, 1) and (X, 0), firm 2
invests.

From the analysis in Region 4 we know that the firms share at the history (1,0) if
condition (25) holds. In Region 5, condition (25) holds by assumption, and the firms
share step 1 at (1,0).

At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVs(0,1) +aV2(1,0) —c  aV;(1,0) —c  aV;(1,1) —c
20+ 1 N 20+ 1 N 20041

V2(0,0) = >0,

where Vj(1,0) = V;(1,1) because the firms share at (1,0). Substituting for V; (1,1) =
2V (1,1) from (15) we get

M 4 207D > 2%2 (Ba+7) (2a+1). (26)
This condition is implied by
™ 4 2070 > c(2+ £)2
which holds in Region 5 by assumption.

Hence, each firm invests at (0,0) if the other firm does. As in Region 4, firm 2 invests
at (X,0). It follows that both firms invest at (0,0).
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5.3 Region 6 (monotonicity property fails on the equilibrium path)

In Region 6, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (X,2) and (X, 1) is
the same as in Region 1, and we do not repeat it here. At (2,2) both firms produce output,
and at (X,2) firm 2 produces output. At (2,1; NS), firm 1 produces output and firm 2
invests. At (2,1), the firms share step 2, and both firms invest at (1,1). At (X, 1), firm 2
invests.*

At (2,0; NS), firm 1 produces output. We know from the analysis of Region 1 that
firm 2 stays in the race at (2,0; N.S) if condition (11) holds. In Region 6 this condition is

violated as we have or

<= (242, (27)
o o
Hence, the lagging firm exits at (2,0; N.S).

To see whether the firms share step 1 at (2,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are V; (2,2) = 27 since
if the firms share, the game reaches the history (2,1) and we know from (5) that at this
history the firms share. Joint profits under no sharing are

Vy(2,0;NS) =7M
since the lagging firm exits at (2,0; N.S). We get
NS = 8 = oM > 277 (28)

which holds in Region 6 by assumption. Hence, in Region 6, the firms do not share at
(2,0) and the lagging firm exits at (2,0; N.S).
At the history (1,0; NS) the lagging firm invests if

aVa (1,1) 4+ aVa (2,0) — ¢

> 0.

Since the firms do not share at (2,0) and the lagging firm exits at (2,0; NS), we have
V2 (2,0) = 0, and this condition simplifies to

c
Vo(1,1) > —.
2(1,1) >~
Substituting for V5 (1, 1) from (7), we get
207 — ¢ c
20+ o
D cr (3 T
T2+ 1)), 29
s I3 29)

4Region 6 is non-empty for some values of 7 and « if and only if =< %(\/5_) —1). An explanation is
available on request.
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This condition holds in Region 6 by assumption, and the lagging firm stays in the race
at (1,0; NS). It is straightforward to show that the leading firm stays in at (1,0; N.S).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are V; (1,1). Joint profits
under no sharing are

aVy(1,1) 4+ aVy (2,0) — 2¢
20+ ’

Since the firms do not share at (2,0) and the lagging firm exits at (2,0; N.S), V; (2,0) = 7.
We have NS >~ S <—

V;(1,0;NS) =

(30)

o™ —2¢ >V (1,1) (a+7)
Substituting for Vy (1,1) = 2V, (1, 1) from (7), we get

(oﬁfM - 26) a+r) > (401%[) - 20> (e+7)

M 4(a+r)nP 2cr
> .
200471 200+

™ (31)

In Region 6, this condition holds by assumption and the firms do not share at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVz(0,1) +aV2(1,0) —c  aV;(1,0) —c

> 0.
200+ 7 200+ 7

V2 (0,0) =

We substitute for V;(1,0) using (30), where within (30) we substitute for V;(1,1) and
V7 (2,0) as described above. Simplifying we get

(2a + ) 4+ d4arP > C—Z (da+71)(2a+1) + 2er
a

Since 7™ > 2P in Region 6, the condition will hold if

cr
P 8a+2r) > e (4o +71) (2a + 1) + 2cr
D cr [10a? + 6ar + 72

™7 32 |7 (atr)

From condition (29) we know that

WD>2%"2(3a+r).

Hence, it is sufficient to show that
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10a? + 6ar + r?
(4o + 1)
if we would like to show that firm 2 will invest assuming firm 1 invests. Simplifying we get

Ba+r) >

2a (2 +71) >0

which holds for all a;, 7 > 0. Hence, firm 2 will invest if firm 1 invests.
Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

(g L),
« (07

In Region 6, we have that

3
7TM>27TDaLnd7rD>z —+L .
a \2 2«
These two conditions imply that (13) holds. Hence, firm 2 invests at (X,0). It follows
that both firms invest at (0,0).

5.4 Region 7 (monotonicity property holds)

In Region 7 the analysis for the histories (2,2),(2,1; N.S),(2,1),(1,1),(2,0; NS), (2,0),
(1,0; NS), (X,2),(X,1) and (X, 0) is the same as in Region 6, and we do not repeat it here.
At (2,2) both firms produce output, and at (X, 2) firm 2 produces output. The firms share
step 2 at (2,1). At (2,1; NS), firm 1 produces output and firm 2 invests. At (1,1), both
firms invest. At (2,0; N.S), firm 1 produces output and firm 2 exits the race. At (2,0) the
firms do not share. At (1,0; N.S), both firms invest. At (X,1) and (X,0), firm 2 invests.

We know from the analysis of Region 6 that the firms do not share step 1 at (1,0) if
condition (31) holds. This condition is violated in Region 7 and we have

v A(a+r)oP 2cr
< .
200+ 200+

Hence, the firms share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if
aVz(0,1) +aV2(1,0) —c  aV;(1,0) —c  aV;(1,1) —c

= >0
200+ 7 200+ 7 200+ 7

V2 (0,0) =

where the last equality follows because the firms share at (1,0). Substituting for V;(1,1) =
2V5 (1,1) from (7) and simplifying we get

7rD>g(1+L)
o 4o
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which holds in Region 7 by assumption. Hence, firm 2 will invest if firm 2 invests. As in
Region 6, firm 2 invests at (X,0). It follows that both firms invest at (0,0).

5.5 Region 8 (monotonicity property holds)

In Region 8, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (X,2)
and (X, 1) is the same as in Region 6, and we do not repeat it here. At (2,2) both firms
produce output, and at (X, 2) firm 2 produces output. At (2,1; N.S), firm 1 produces output
and firm 2 invests. At (2,1), the firms share. At (1,1), both firms invest. At (2,0; N.S),
firm 1 produces output and firm 2 exits the race. At (X, 1), firm 2 invests.

We know from the analysis of Region 6 that the firms do not share step 1 at (2,0) if
condition (28) holds. This condition is violated in Region 7 and we have

M < 2xP.
Hence, the firms share step 1 at (2,0).
At (1,0; NS), firm 2 invests if

aVa (1,1) 4+ aVa (2,0) — ¢

> 0.

At (2,0), the firms share step 1. However, since the lagging firm exits at (2,0; N.S) and it
has no bargaining power, V5 (2,0) = 0. Hence, the investment condition simplifies to

Va(1,1) > <.

(0%

Substituting for V2 (1,1) from (7), we get
3
wD>z<—+i>. (32)

This condition holds in Region 8 and the lagging firm stays in the race at (1,0; N.S). It
is straightforward to show that the leading firm also stays in the race at (1,0; N.5).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share, the game reaches the history (1, 1).
Hence, joint profits under sharing are V; (1,1). Joint profits under no sharing are

aVy(2,0) 4+ aVy(1,1) — 2¢

Since the firms share at (2,0) and (2, 1), we get

207 + aVj (1,1) — 2¢
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We have S > NS <=
(20 +7) Vs (1,1) > 207 + aVy (1,1) — 2c.
Substituting for V; (1,1) = 2V2(1,1) from (7) and simplifying, we get
(a+7) (40[%[) — 26) > (2a+7) (ZQ%D — 20)
D

™’ > —c

which is trivially true. Hence, the firms share at (1,0) in Region 8.
At (0,0), assuming firm 1 invests, firm 2 will also invest if
aVa(1,0) +aV2(0,1) —¢  aV;(1,0)—c¢  aV;(1,1)—c¢

V2(0,0) = 200+ 1 - 200+ 1 - 200+ 1 >0,

where the last equality follows because the firms share at the history (1,0). After substi-
tuting for V; (1,1) we get
p._ cr r
T > — (1 + —) .

o
This condition holds in Region 8 by assumption. Hence, each firm invests at (0,0) if the
other firm does.

Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

s L (2 + Z) ;

e o

which may or may not hold in Region 8. Hence, firm 2 may or may not invest at (X,0).
We divide Region 8 into two subregions depending on whether condition (13) holds. In

subregion 8a, (13) holds and both firms invest at (0,0). In subregion 8b, (13) does

not hold and there are two continuation equilibria at (0,0). In one equilibrium,

both firms invest and in the other one, neither firm invests.

5.6 Region 9 (monotonicity property holds)

In Region 9, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(X,2) and (X, 1) is the same as in Region 8 and we do not repeat it here. At (2,2), both
firms produce output, and at (X, 2) firm 2 produces output. At (2,1; N.S), firm 1 produces
output and firm 2 invests. At (2,1), the firms share. At (1,1), both firms invest. At
(2,0; NS), firm 1 produces output and firm 2 exits the race. At (2,0) the firms share step
1. At (X, 1), firm 2 invests.
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We know from the analysis in Region 8 that at (1,0; N.S), firm 2 stays in the race if
condition (32) holds. In Region 9 this condition is violated and we have

Hence, firm 2 exits at (1,0; NS). The condition for the leading firm to stay in the race
at (1,0; N.S) is the same as the condition for firm 2 it to invest at (X, 1). This condition is
given in (9) and it holds in Region 9. Hence, the leading firm invests at (1,0; N.S).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share, the game reaches the history (1, 1).
Hence, joint profits under sharing are

aVy(2,1) +aVy(1,2) —2¢  2aV;(2,2) —2¢  4a7” —2c

1.1) = =
Vo (L1 200417 200417 200417

where the last two equalities follow because the firms share step 2 at (2,1) and (1,2). Joint
profits under no sharing are
~M
atm’ —c
Vi(1,0;,NS) = ———
s ) a+r

since the lagging firm exits at (1,0; NS). We have S > NS <=

(a+7) <40¢%D—20) > (2a+r) (Oﬁ'(:M—C>
4(04+7“)7rD—§ > 7 (2a+7).

In Region 9, we have
onP > oM > 7D

and
cr

P> =,
@
Using these conditions, it is straightforward to show that the condition for sharing holds at
(1,0). Hence, in Region 9, the firms share at the history (1,0).

At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVa (1,0) +aV2(0,1) —c¢  aV;(1,1) —c

V2(0,0) = 200+ 7 200+ 7

>0,

where the last equality follows because the firms share at the history (1,0). After substi-
tuting for V; (1,1) = 2V5 (1,1) from (7), we get

D z(1 i) 34
7T>a +4oz' ()
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This condition may or may not hold in Region 9.
Assuming firm 1 does not invest, firm 2 will invest at (X, 0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

7rM>z(2+Z>,
e o

which may or may not hold in Region 9. Hence, firm 2 may or may not invest at (X,0).

Conditions (34) and (13) divide Region 9 into three subregions depending on whether
they hold.> In subregion 9a, both conditions hold and both firms invest at (0,0). In
subregion 9b, only (34) holds and there are two continuation equilibria at (0,0). In one
equilibrium, both firms invest and in the other one, neither firm invests. In
subregion 9c, neither condition holds and neither firm invests at (0,0).

5.7 Region 10 (monotonicity property holds)

In Region 10, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(X,2) and (X, 1) is the same as in Region 6, and we do not repeat it here. At (2,2) both
firms produce output, and at (X, 2) firm 2 produces output. At (2,1; N.S), firm 1 produces
output and firm 2 invests. The firms share at (2,1), and both firms invest at (1,1). At
(2,0; NS), firm 1 produces output and firm 2 exits the race. At (2,0) the firms do not
share. At (X, 1), firm 2 invests.

We know from the analysis of Region 6 that the lagging firm stays in the race at (1,0; N.S)
if condition (29) holds. This condition is violated in Region 10 and we have

p_c (3. 1
T <oz<2+2a>' (35)

Hence, firm 2 does not invest at (1,0; NS). The condition for the leading firm to stay
in the race at (1,0; N.S) is the same as the condition for firm 2 it to invest at (X, 1). This
condition is given in (9) and it holds in Region 10. Hence, the leading firm invests at
(1,0; NS).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. Using (7), joint profits under sharing are

4a7P — 2¢

VJ(171):2‘/2(171): 20+ 7

Joint profits under no sharing are

’There are only 3 subregions (rather than 4 subregions) because the boundary lines given by the conditions
intersect either on the border or outside of Region 9.
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~M_
Vy(1,0;NS) = Oﬂ;—+rc

because the lagging firm exits. Hence, we have S > NS «<—

(a+7) <4a7~rD - 20) > (2a+7) <oﬁM - c)

4(a+r)rP cr? M

— 36
Qa+r)  aatr) (36)
This condition holds in Region 10 and the firms share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if
1 1) — 1,0) —
‘/2(0,0):@1/2(,0)—1—04‘/2(0, ) c:aVJ(,O) .o
20+ 20+
Since the firms share at (1,0), we get
aVy(1,1) —¢ S0
200+
Substituting for V; (1,1) = 2V5(1,1) from (7) and simplifying we get
D (1 L)
T > o + o) (37)

This condition may or may not hold in Region 10.
Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V2 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

7TM>C—T(2+£>,
e o

which may or may not hold in Region 10. Hence, firm 2 may or may not invest at
(X,0).

Conditions (37) and (13) divide Region 10 into three subregions depending on whether
they hold.5 In subregion 10a, both conditions hold and both firms invest at (0,0).
In subregion 10b, only (37) holds and there are two continuation equilibria at (0,0). In
one equilibrium, both firms invest and in the other one, neither firm invests. In
subregion 10c, neither condition holds and neither firm invests at (0,0).

SThere are only 3 subregions (rather than 4 subregions) because the boundary lines given by the conditions
intersect either on the border or outside of Region 10.
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5.8 Region 11 (monotonicity property fails off the equilibrium path)

In Region 11, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(1,0; NS), (X,2) and (X, 1) is the same as in Region 10, and we do not repeat it here. At
(2,2) both firms produce output, and at (X, 2) firm 2 produces output. At (2,1; N.S), firm
1 produces output and firm 2 invests. The firms share at (2,1), and both firms invest at
(1,1). At (2,0; NS), firm 1 produces output and firm 2 exits the race. At (2,0) the firms do
not share. At (1,0; NS), firm 2 exits the race and firm 1 invests. At (X, 1), firm 2 invests.”

We know from the analysis of Region 10 that the firms share at (1,0) if condition (36)
holds. This condition is violated in Region 11 and we have

4(a+r)7wP cr? M
- >
(2a+7) aa+r)

Hence, the firms do not share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVa (1,0) +aV2(0,1) —c = aV;(1,0) —c
200+ 1 N 20041

V5 (0,0) = > 0. (38)

Since the firms do not share (1,0) and the lagging firm drops out at (1,0; NS), we have

at™ — ¢

VJ(LO): a+r

Substituting for V; (1,0) in (38) and simplifying we get

wM>C—T(2+1). (39)
o «
This condition may or may not hold in Region 11.

Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V2 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

> e (2 + Z) ,
o «

which is the same condition as (39). Hence, firm 2 may or may not invest at (X,0).

Conditions (39) divides Region 11 into two subregions. In subregion 11a, condition

(39) holds and both firms invest at (0,0). In subregion 11b, condition (39) does
not hold and neither firm invests at (0,0).

Tt is straightforward to show that Region 11 is non-empty for some values of 7 and 7P if and only if
£ < 2. An explanation is available on request.
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5.9 Region 12 (monotonicity property holds)

In Region 12, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS),(2,0),
(X,2) and (X, 1) is the same as in Region 4, and we do not repeat it here. At (2,2) both
firms produce output, and at (X,2) firm 2 produces output. At (2,1; N.S), firm 1 produces
output and firm 2 invests. At (2,1), the firms do not share step 2. At (1,1), both firms
invest. At (2,0; NS), firm 1 produces output and firm 2 exits the race. At (2,0), the firms
do not share. At (X, 1), firm 2 invests. ®

From the analysis of Region 4, we know that the lagging firm stays in the race at
(1,0; NS) if condition (23) holds. In Region 12, this condition is violated and we have

2
7rM+2a%D<c(2+£) .
«

Hence, the lagging firm exits at (1,0; N.S). The condition for the leading firm to stay
in the race at (1,0; N.S) is the same as the condition for firm 2 it to invest at (X, 1). This
condition is given in (9) and it holds in Region 12. Hence, the leading firm invests at
(1,0; NS).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are V; (1,1). Joint profits
under no sharing are

~M _
Vs (1,0, NS) = O”;—HC

because the lagging firm exits. Hence, we have § > NS <=
(a+7r)Vy(1,1) > <oz%M - c) .
Substituting for Vj (1,1) = 2V, (1,1) from (15) and simplifying we get
4ar? > 20 —r) 7™ +cr <2 + g) . (40)

The condition holds in Region 12 by assumption. Hence, the firms share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVs (1,0) +aV2 (0,1) —c  aV;(1,0) —c

V2(0,0) = 0.
2(0,0) 200+ 7 atr
Since the firms share at (1,0), we get
aVy(1,1) —¢ S0
200+ 1

$Region 12 is non-empty for some values of 7™ and 7 if and only if Z > 1. An explanation is available
on request.
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Substituting for Vy (1,1) = 2V, (1, 1) from (15) and simplifying we get

w207 e (24 2) (34 1), ()
This condition may or may not hold in Region 12.

Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V2 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

7TM>C—T(2+£>,
e o

which may or may not hold in Region 12. Hence, firm 2 may or may not invest at
(X,0).

Conditions (41) and (13) divide Region 12 into three subregions depending on whether
they hold. In subregion 12a, both conditions hold and both firms invest at (0,0). In
subregion 12b, only (41) holds and there are two continuation equilibria at (0,0).
In one equilibrium, both firms invest and in the other one, neither firm invests.
In subregion 12c, neither condition holds and neither firm invests at (0,0).

5.10 Region 13 (monotonicity property holds)

In Region 13, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(1,0; NS), (X,2) and (X, 1) is the same as in Region 12 and we do not repeat it here. At
(2,2) both firms produce output, and at (X, 2) firm 2 produces output. At (2,1; N.S), firm
1 produces output and firm 2 invests. At (2,1), the firms do not share step 2. At (1,1),
both firms invest. At (2,0; N.S), firm 1 produces output and firm 2 exits the race. At (2,0),
the firms do not share. At (1,0; N.S), firm 1 invests and firm 2 exits the race. At (X,1),
firm 2 invests.”

We know from the analysis of Region 12 that the firms share at (1,0) if condition (40)
holds. This condition is violated in Region 13 and we have

4amP < 20 —r) 7™ + cr (2+£).
a
Hence, the firms do not share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVs (1,0) +aV (0,1) —c  aV;(1,0) —c

V5(0,0) =
2(0,0) 200+ 1 20041

> 0. (42)

9Region 13 is non-empty for some values of 7 and 7 if and only if - < 2. An explanation is available
on request.
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Since the firms do not share (1,0) and the lagging firm drops out at (1,0; NS), we have

ai — ¢

1 =
Vi (1,0) a+r
Substituting for Vy (1,0) in (42) and simplifying we get
wM>ﬁ(2+f>. (43)
! a

This condition may or may not hold in Region 13.
Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V2 (X,0) > 0 if

7TM>z(2+£>,
a o

which is the same condition as (43). Hence, firm 2 may or may not invest at (X,0).

Condition (43) divides Region 13 into two subregions. In region 13a, condition (43)
holds and both firms invest at (0,0). In region 13b, (43) does not hold and
neither firm invests at (0,0).

5.11 Region 14 (monotonicity property holds)

In Region 14, the analysis of the histories (2,2) and (X, 2) is the same as in Region 1, and
we do not repeat it here. At (2,2) both firms produce output, and at (X, 2) firm 2 produces
output.

At (2,1; NS), firm 1 produces output. Firm 2 invests if condition (3) holds. This
condition is violated in Region 14 and we have

Hence, firm 2 does not invest at (2,1; N.S).

To see whether the firms share step 2 at (2,1), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are Vjy (2,2) = 272 Joint
profits under no sharing are

Vi(2,1;NS) =V (2,1;NS) =7M (44)
since the lagging firm exits. Hence, we have
NS = 8 <=M > 27P.

This condition holds in Region 14 and the firms do not share step 2 at (2,1).
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At (1,1), assuming firm 1 invests, firm 2 also invests if

Vo (1,1) = aV2(1,2)+aV2(2,1)—c: aVy(2,1)—c¢ >0
200+ 7 20+

Since the firms do not share at the history (2,1) we can substitute for V; (2,1) = 7 using
(44) to get

~M
T —C
1,1) = —— 4
or cr
s =, (46)
(6]

This condition holds in Region 14 by assumption so that firm 2 invests if firm 1 does.
If firm 1 does not invest at (1, 1), the new history is (X, 1). Firm 2 will invest at (X, 1)
if
~M
at™” —c¢
Vo (X,1) = —— >0
2(X,1) a+r ”

This is the same condition as above, so that firm 2 invests at (X, 1). It follows that at
(1,1), there is a unique continuation equilibrium such that both firms invest .
At (2,0; NS), firm 1 produces output. Firm 2 invests if

aVa(2,1) —c¢

V2 (2,0; NS) = P

> 0.
However, since the firms do not share at (2,1) and the lagging firm exits at (2,1; N.S), this
condition never holds. Hence, the lagging firm exits at (2,0; N.S) also.

The firms share step 1 at (2, 0) if joint profits under sharing exceed joint profits under no
sharing. If there is sharing, the game moves to the history (2,1). The firms do not share step
2 at (2,1) and the lagging firm exits. Hence, joint profits under sharing at the history (2, 0)
are given by V;(2,1) = 7™M Joint profits under no sharing are given by V; (2,0; NS) = M
since the lagging firm exits at (2,0; N.S). Hence, we get two continuation equilibria at
(2,0). The equilibria are payoff-equivalent. In both cases, the lagging firm exits and
the leading firm earns 7.

At (1,0; NS), the lagging firm invests if

aVa (1,1) + ala (2,0) — ¢

V2 (1,0; NS) = 0.
2( ) ) ) 2@ _|_ r >
Since V3 (2,0) = 0, this condition simplifies to
c
Vo (1,1 —.
2( ) ) > o
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Substituting for V5 (1, 1) using (45), we get

M>Z (347, (47)
e o
In Region 14, this condition holds and the lagging firm stays in the race at (1,0; N.S).
It is straightforward to show that the leading firm also stays in at (1,0; N.S).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing are V;(1,1). Joint profits
under no sharing are

aVy(2,0)+aVy(1,1) —2¢c o™ +aVy(1,1) —2c

Vi (LO;NS) = 200+ 1 200+ 1

since Vy (2,0) = 7 as explained above.
We have S >~ NS <
(a+7)Vy(1,1) > o™ - 2¢.

Substituting for Vy (1,1) = 2V,(1,1) from (45) and simplifying we get

207 — 2 -
(a+7) (*OM C) > arM —2¢
20+ 1

2(a+r) (a%M - c) > (2a+r) (a%M — 20)

which clearly holds. Hence, in Region 14, the firms share at the history (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVp (1,0) +aV2(0,1) —¢  aVy(1,1)—c¢

>0
200+ T 200+ 17

V2(0,0) =

Substituting for Vy (1,1) = 2V,(1,1) using (45) we get
SN
o 2a

This condition holds in Region 14. Hence, each firm invests at (0,0) if the other firm does.
Assuming firm 1 does not invest, firm 2 will invest at (X, 0) if V2 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V2 (X,0) > 0 if

7rM>z(2+Z>,
e o

which holds in Region 14 by assumption. Hence, firm 2 invests at (X,0) in Region 14.
We conclude that in equilibrium, both firms invest at (0,0) in Region 14.
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5.12 Region 15 (monotonicity property holds)

In Region 15, the analysis for the histories (2,2), (2,1; NS), (2,1), (1,1), (2,0; NS), (2,0),
(X,2) and (X,1) is the same as in Region 14, and we do not repeat it here. At (2,2) both
firms produce output, and at (X, 2) firm 2 produces output. At (2,1; N.S), firm 1 produces
output and firm 2 exits the race. At (2,1), the firms do not share step 1, and at (1, 1), both
firms invest. At (2,0; N.S), firm 1 produces output and firm 2 exits the race. At (2,0), the
firms may either share or not share step 1, but either way the lagging firm 2 exits the race
and firm 1 produces output. At (X, 1), firm 2 invests.

We know from the analysis of Region 14 that the lagging firm invests at (1,0; N.S) if
condition (47) holds. In Region 15 this condition is violated. We have

7rM<z<3+Z>
a o)

and the lagging firm exits at (1,0; N.S). The condition for the leading firm to stay in
the race at (1,0; N.S) is the same as the condition for firm 2 it to invest at (X,1). This
condition is given in (9), and it holds in Region 15. Hence, the leading firm invests at
(1,0; NS).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share, the game reaches the history (1,1).
Hence, joint profits under sharing are

aVy(2,1) +aVy(1,2) —2c  2a7" —2¢

V;(1,1) = = 48
7 (L) 20 +7 200+ 7 (48)
where we substitute for V; (2,1) = # from (44). Joint profits under no sharing are
~M
at” —¢
Vy(1,0,NS) = 2L —¢
70N =———
since the lagging firm exits at the history (1,0; N.S). We have S = NS <
2(a+r)> 2a+r)
which clearly holds. Hence, in Region 15, the firms share at the history (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if
V1 (1,0 V1(0,1) — Vi(1,1) —
VQ(0,0):al(’)—i_al(’) C:OCJ(7) C>0
20+ 20+
Substituting for Vy (1,1) from (48) we get
M Z (24 o) 49
T > o + o) (49)
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This condition may or may not hold in Region 15.
Assuming firm 1 does not invest, firm 2 will invest at (X, 0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V5 (X,0) > 0 if

7rM>z(2+£>,
(6% (6

which may or may not hold in Region 15. Hence, firm 2 may or may not invest at
(X,0).

Conditions (49) and (13) divide Region 15 into three subregions depending on whether
they hold. In subregion 15a, both conditions hold and both firms invest at (0,0). In
subregion 15b, only (49) holds and we have

cr r
—<2+—> >7rM>ﬁ<2+L>.
« « « 2c

There are two continuation equilibria at (0,0). In one equilibrium, both firms

invest and in the other one, neither firm invests. In subregion 15c, neither
condition holds and neither firm invests at (0,0).

5.13 Region 16 (monotonicity property holds)

In Region 16, the analysis for the histories (2,2), (2,1; NS) and (X,2) is the same as in
Region 14 and we do not repeat it here. At (2,2) both firms produce output, and at (X,2)
firm 2 produces output. At (2,1; NS), firm 1 produces output and firm 2 exits the race.

We know from the analysis in Region 14 that the firms do not share at (2,1) if 7™ > 277,
This condition is violated in Region 16. We have

M < 2nP (50)

and hence the firms share at (2,1).
At (1,1), assuming firm 1 invests, firm 2 will also invest if

aVs (1,2) +aV2(2,1) —c  aV;(2,1) —c

Va(1,1) = > 0.
2 (1, 1) 200+ 1 20+
Since the firms share at (2,1), we get
aVy(2,2)—c 207" —c¢
Vo (1,1) = = 0 51
2(1,1) 200+ 7 200+ 7 - (51)
which simplifies to
D cr
—. 52
T > oo ( )

This condition holds in Region 16 by assumption so that firm 2 invests if firm 1 does.
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If firm 1 does not invest at (1, 1), the new history is (X, 1). Firm 2 will invest at (X, 1)

if oy
an’ —c
VB(iX,l)=—>0
2( ) a—+r
or cr
oM s =
o

This is the same condition as (9) and it holds in Region 16 by assumption. Hence, firm 2
invests at (X, 1) in Region 16. This implies that at (1,1), both firms invest.
At (2,0; NS), firm 1 produces output. Firm 2 stays in the race under no sharing if

aVa(2,1) —c

V2(2,0;NS) = P

> 0.

We know that since the lagging firm exits at (2,1; NS), V2 (2,1; NS) = 0. This implies that
even if the firms share at (2,1), V2(2,1) = V5 (2,1; NS) = 0 since the lagging firm has no
bargaining power. Hence, firm 2 exits at (2,0; N.S).

To see whether the firms share step 1 at (2,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing step 1 are Vj(2,1) = 277
since the firms share step 2 at (2,1). Joint profits under no sharing are V; (2,0; NS) = M
since the lagging firm drops out at (2,0; NS). We have S = NS <= 27P > 7M. This
condition holds in Region 16, and hence the firms share step 1 at (2,0).

The lagging firm stays in at (1,0; N.S) if

aVa(1,1) 4+ oV, (2,0) — ¢

> 0.
20+ 1

V2 (1,0; NS) =

Since the lagging firm has no bargaining power, it earns the same payoff at V5 (2,0) as at
V52 (2,0; NS). But this payoff is zero, because the lagging firm exists at (2,0; N.S). Hence
the condition above simplifies to

C
V(1,1 —
2(’)>Oé

or

which fails in Region 16 because 7P < <. Hence, the lagging firm exits at (1,0; N.5).
Thee condition for the leading firm to stay in the race at (1,0; NS) is the same as the
condition for firm 2 to invest at (X, 1). As discussed above, this condition holds in Region
16. Hence, the leading firm stays in the race at (1,0; N.S).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms share, the game reaches the history (1,1).
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Hence, joint profits under sharing are

Vi(2,1) +aVy(1,2) —2¢  2aVy(2,2) —2c 4daz? —2
VJ(Ll):O‘J(:)—i_O‘J(v) C: OéJ(,) C: aTm c (53)
20+ 17 2047 2047
since the firms share step 2 at (2,1). Joint profits under no sharing are
M

at” —c¢

Vi (1,0;NS) = ——
J( s Yy ) o+
since the lagging firm exits at the history (1,0; NS). We have S = NS <

<4a%D - 20) (a+71) > (Oé7~TM - C) (200 + 1)

2
dla+r)n? - > aM(2a+1).
(6%

In Region 16, by assumption, we know that
2cr
— > ol > oM,
@
Using this condition, it is straightforward to show that the condition for sharing holds, and

hence the firms share step 1 at (1,0).
At (0,0), assuming firm 1 invests, firm 2 will also invest if

Va (0,0) = aVa (1,0) + oV (0,1) — ¢ _ aVy(1,0) — ¢ >0
200+ 7 20+

Since the firms share at (1,0), the condition simplifies to

C
V(1,1 —.
J(7)>Oé

Substituting for V; (1,1) from (53) we get

4a7P — 2¢ c
—_— > —
200+ 71 o
P> I(e L),
« 4o

which does not hold in Region 16 since 77 < <. Hence, if firm 1 invests, firm 2 does not
invest at (0,0).

Assuming firm 1 does not invest, firm 2 will invest at (X,0) if V5 (X,0) > 0. From the
analysis of Region 1, V5 (X,0) > 0 if (13) holds. That is, V2 (X,0) > 0 if

7rM>z(2+Z>,
e o
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which does not hold in Region 16 since

2cr
= soP > M
o

by assumption. Hence, firm 2 does not invest at (X,0).
We conclude that neither firms invests at (0,0).

5.14 Region 17 (monotonicity property can fail off the equilibrium path)

In Region 17, the analysis for the histories (2,2), (2,1; NS), (2,1), (2,0; NS), (2,0) and
(X,2) is the same as in Region 16, and we do not repeat it here. At (2,2), both firms
produce output. At (2,1; NS), firm 1 produces output and firm 2 exits the race. At (2,1),
the firms share step 2. At (2,0; NS), firm 1 produces output and firm 2 exits the race. At
(2,0), the firms share step 1. At (X,2), firm 2 produces output.

At (X,1), firm 1 has exited the race. As in Region 16, firm 2 invests if and only if
condition (9) holds. In Region 17, the condition fails and firm 2 exits the race at (X, 1).
Given this, firm 2 also exits the race at (X,0).

At (1,1), assuming firm 1 invests, firm 2 will also invest if

V2 (1,1) > 0.

As in Region 16, this inequality is the same as condition (52) or

p._ cr
™ > %
Condition (52) holds in Region 17, so firm 2 invests at at (1,1) if firm 1 does.
If firm 1 does not invest at (1,1), the new history is (X, 1) and as we showed above,
firm 2 exits the race at (X, 1). So firm 2 does not invest at (1, 1) if firm 1 does not invest.
This implies that there are two continuation equilibria at (1,1). Either both
firms invest or neither firm invests.
The lagging firm stays in at (1,0; N.S) if

aVa (1,1) 4+ oV, (2,0) — ¢
20+ 7

Va2 (1,0; NS) = > 0.

Since the lagging firm has no bargaining power at (2,0), it earns a payoff of V5 (2,0) = 0 as
in Region 16. Hence, the condition simplifies to

C
V5 (1,1 —.
2(>)>a

The payoff V5 (1,1) depends on which continuation equilibrium is played.
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If neither firm invests at (1, 1), then V5 (1,1) = 0 and the condition fails. Hence if both
firms exit as (1,1),then both firms exit the race at (1,0; N.S).

If both firms invest at (1,1), the payoff V5 (1, 1) is the same as in Region 16 and is given
n (51). Substituting for V5 (1, 1), the condition becomes

which fails in region 17 because 7 < <. Hence, the lagging firm exits at (1,0; N.S). The
new history is (1, X). Since the leading firm exits at (1, X), the leading firm also exits at
(1,0; NS). Hence, if both firms invest at (1,1), then both firms exit the race at
(1,0; NS).

To see whether the firms share step 1 at (1,0), we compare joint profits under sharing
with joint profits under no sharing. If the firms do not share, then the joint profits are zero
because both firms exit at (1,0; N.S), regardless of which continuation equilibrium is played
at (1,1).

If the firms share, then the new history is (1,1). If both firms exit the race at (1,1),
then the joint profits are zero. The firms are indifferent between sharing and not sharing
at (1,0). Hence, if both firms exit the race at (1,1), there are two continuation
equilibria at (1,0). In one continuation, the firms share at (1,0). In the other
continuation, the firms do not share at (1,0). If both firms stay in the race at (1,1),
then the joint profits V (1, 1) are the same as in Region 16a and are given in (53). We have
S = NS

4a7P — 2¢

>0
200+ 1

This simplifies to
P > <
2a
which holds in Region 17. Hence, if both stay in the race at (1,1), the firms share
step 1 at (1,0).
At (0,0), if firm 1 does not invest, then the new history is (X, 1) and firm 2 exits the
race. This implies that there is an equilibrium at (0,0) such that neither firm invests.

If firm 1 invests at (0,0), firm 2 will also invest if

aVs (1,0) +aV2(0,1) —c  aV;(1,0) —c

V2(0,0) = 20041 200+ r

> 0. (54)

The firms either share or not share at (1,0) depending on which continuation equilibrium
is played. If the firms do not share at (1,0), then the new history is (1,0; N.S) and both
firms exit the race. Hence, V; (1,0) = 0. Substituting into the expression for V5 (0,0), we
see that V5(0,0) < 0 so firm 2 exits the race. If instead the firms share at (1,0), then
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Vy(1,0) = V;(1,1). The joint payoffs at (1,1) depend on which continuation equilibrium
is played. If both firms exit at (1,1), then V;(1,0) = V;(1,1) = 0. Using this, we see that
V5 (0,0) < 0. Hence, firm 2 does not invest at (0,0) if firm 1 invests. If instead both firms
invest at (1,1),then Vj(1,1) is the same as in Region 16 and is given in (53). Using this,
we can substitute for V; (1,0) = V;(1,1) in condition (54). The condition simplifies to
s L (1 + L)
o da
which does not hold in Region 17 since 7” < 2. Hence, firm 2 does not invest at (0,0) if
firm 1 invests.

We conclude that in every equilibrium in Region 17, neither firm invests at
(0,0).

5.15 Region 18 (monotonicity property can fail off the equilibrium path)

In Region 18, the analysis for the histories (2,2), (2,1; NS), (2,1) and (X,2) is the same
as in Region 16, and we do not repeat it here. At (2,2) both firms produce output, and at
(X,2) firm 2 produces output. At (2,1; NS), firm 1 produces output and firm 2 exits the
race. At (2,1), the firms share step 1.

At (1,1), assuming firm 1 invests, firm 2 will also invest if

7TM>z(2+£>,
a a

aVs (1,2) +aV2(2,1) —c  aV;(2,1) —c
20041 N 20041
Since the firms share at (2,1), this is

Va(1,1) = > 0.

aVy(2,2) —c 207 — ¢

Vo (1,1) = —
2 (1, 1) 200+ 17 200+ 1

>0

or
cr

D
> _
m 200
This condition fails in Region 18, and firm 2 does not invest at (1,1) if firm 1 does.

If firm 1 does not invest at (1, 1), the new history is (X, 1). Firm 2 will invest at (X, 1)

if Y
ar” —c¢
WX,)=———>0
2( ) ) a+tr )
which simplifies to
M= (55)
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This condition is the same as (9), and it fails in Region 18. Hence, at (X, 1), firm 2 does
not invest, and at (1,1), neither firms invests.
At (2,0; NS), firm 1 produces output. Firm 2 stays in the race if

aVs(2,1) —¢
a—+r

We know that since the lagging firm exits at (2,1; NS), V2 (2,1; NS) = 0. This implies that
Vo (2,1) = V5 (2,1; NS) = 0 since the lagging firm has no bargaining power. Hence, the
lagging firm exits at (2,0; N.5).

To see whether the firms share step 1 at (2,0), we compare joint profits under sharing
with joint profits under no sharing. Joint profits under sharing step 1 are V; (2,1) = 27
since the firms share step 2 at (2,1). Joint profits under no sharing are V; (2,0; NS) = M
since the lagging firm drops out at (2,0; NS). We have S = NS <= 27P > 7M. This
condition holds in Region 18. Hence, the firms share step 1 at (2,0).

The lagging firm stays in the race at (1,0; N.S) if

aVa(1,1) 4+ oV, (2,0) — ¢
2047

V2 (2,0;NS) = > 0.

V2 (1,0; NS) = > 0.

Since neither firm invests at (1, 1) and the lagging firm exits at (2,0; N.S), we have V3 (1,1) =
0 and V5 (2,0) = V2 (2,0; NS) = 0. Hence, the lagging firm exits the race at (1,0; N5).
The condition for the leading firm to stay in the race at (1,0; N.S) is the same as the
condition for firm 2 to invest at (X, 1). As discussed above, the condition does not hold in
Region 18. Hence, the leading firm does not invest at (1,0; N.S).

At (1,0), joint profits under sharing and not sharing are both zero since the firms choose
not to stay in the race at (1,1) and (1,0; NS). Hence, there are two continuation
equilibria at (1,0). These equilibria are payoff-equivalent. In the first continuation
equilibrium, the firms do not share step 1 and both exit the race. In the second
continuation equilibrium, the firms do share step 1 and then both exit the race.

At (0,0), assuming firm 1 invests, firm 2 will also invest if

aVs (1,0) +aV2(0,1) —c  aV;(1,0) —c

0.
200+ 7 200+ 7 =

V2(0,0) =

Since V; (1,0) = 0, if firm 1 invests, firm 2 does not invest at (0, 0).
Assuming firm 1 does not invest, firm 2 invests at (X, 0) if
aVo (X, 1) —¢
a+r
Since firm 2 does not invest at (X, 1), V2 (X,1) = 0. Hence, firm 2 does not invest at
(X,0).
We conclude that neither firms invests at (0,0) in Region 18.

Vo (X,0) = > 0.
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5.16 Region 19 (monotonicity property holds)

In Region 19, the analysis for the histories (2,2), (2,1; NS), (2,1) and (X, 2) is the same
as in Region 15, and we do not repeat it here. At (2,2), both firms produce output, and at
(X,2) firm 2 produces output. At (2,1; NS), firm 1 produces output and firm 2 exits the
race. At (2,1), the firms do not share step 1.
At (1,1), we know from the analysis of Region 15 that whether or not firm 1 invests,
firm 2 invests if
Mo cr

> —.
(07

This condition is the same as (9), and it fails in Region 19. Hence firm 2 does not invest
at (X,1) and neither firm invests at (1,1).
At (2,0; NS), firm 1 produces output. The lagging firm 2 invests if

aVa(2,1) —c
oa+r

V2 (2,0; NS) = > 0.

However, since the firms do not share at (2,1) and the lagging firm exits at (2,1; N.S),
we have V5 (2,1) = 0 and this condition never holds. Hence, the lagging firm exits at
(2,0; NS).

The firms share step 1 at (2, 0) if joint profits under sharing exceed joint profits under no
sharing. If there is sharing, the game moves to the history (2,1). The firms do not share step
2 at (2,1) and the lagging firm exits. Hence, joint profits under sharing at the history (2, 0)
are given by V;(2,1) = 7™M Joint profits under no sharing are given by V; (2,0; NS) = M
since the lagging firm exits at (2,0; N.S). Hence, we get two continuation equilibria at
(2,0). The firms either share or don’t share step 1. The lagging firm then exits the
race.

At (1,0; NS), the lagging firm invests if

aVa (1,1) + ala (2,0) — ¢

> 0.

Since neither firm invests at (1, 1) and the lagging firm gets zero at (2,0), we have V3 (1,1) =
0 and V5 (2,0) = 0. This implies that the lagging firm exits the race at (1,0; N.5).

The condition for the leading firm to stay in the race at (1,0; N.S) is the same as the
condition for firm 2 to invest at (X, 1). As discussed above, the condition does not hold in
Region 19. Hence, the leading firm exits the race at (1,0; N.S).

At (1,0), joint profits under sharing and not sharing are both zero since the firms choose
not to stay in the race at (1,1) and (1,0). Hence, there are two continuation equilibria
at (1,0). The firms either share or do not share step 1. Both firms then exit
the race.
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At (0,0), assuming firm 1 invests, firm 2 will also invest if

‘/,2(070):OéVQ(l,O)'i‘O[%(O,l)—C:aVJ(].,].)—C>O
20+ 20+ 1

Since V;(1,1) = 0, if firm 1 invests, firm 2 does not invest at (0,0).
Assuming firm 1 does not invest, firm 2 invests at (X, 0) if

aVo (X, 1) —c¢
a+r

V2 (X,0) = > 0.

Since firm 2 does not invest at (X, 1), V2 (X,1) = 0. Hence, firm 2 does not invest at

(X,0).
We conclude that neither firms invests at (0,0) in Region 19.
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